Using momentum sum rule for evolution equations for Double Parton Distribution Functions (DPDFs) in the leading logarithmic approximation, we find that the double gluon distribution function can be uniquely constrained via the single gluon distribution function. We also study numerically its evolution with a hard scale and show that an approximately factorized ansatz into the product of two single gluon distributions performs quite well at small values of x but is always violated for larger values, as expected.
Evolution equations and sum rules
In the collinear leading logarithmic approximation double parton distribution functions (DPDFs) obey QCD evolution equations [1] [2] [3] [4] [5] [6] which are similar to the Dokshitzer-Gribov-Lipatov-AltarelliParisi (DGLAP) equations for single parton distribution functions (PDFs). The evolution equations for DPDFs conserve new sum rules which relate the double and single parton distributions and are conserved by the evolution.
We consider the DPDFs with equal hard scales, Q 1 = Q 2 ≡ Q and null relative momentum q = 0:
where x 1,2 ∈ [0, 1] are parton momentum fractions obeying the condition x 1 + x 2 ≤ 1 and f 1,2 denote parton species. With this simplifying assumptions, the evolution equations in the leading logarithmic approximation read
where the functions P on the r.h.s. are the leading order Altarelli-Parisi splitting functions (with virtual corrections for P f f included). The third term on the r.h.s corresponds to the splitting of one parton into two daughter partons, described by the Altarelli-Parisi splitting function for real emission, P R
. As eq. (1.2) contains the single PDFs, D f ′ , it has to be solved together with the ordinary DGLAP equations, see e.g. Ref. [6] for more details. The splitting terms in the evolution equations are crucial for the conservation of sum rules which are discussed below.
The sum rules which are conserved by the evolution equations (1.2) are the momentum and valence quark number sum rules [8] , 
We see that the above sum rules relate the double and single parton distribution functions, which reflects the common origin of those distributions, namely the expansion of the nucleon state in Fock light-cone components [8] . In addition, the sum rules for the single parton distributions are also satisfied -the momentum and quark valence sum rules for q = u, d, s
Let us introduce the Mellin transforms of single and double PDFs
where n and n 1,2 are complex numbers and we omit the scale Q 0 in the notation from now on. The sum rules (1.3) and (1.4) can be written with the help of the Mellin moments after the integration of both sides over x 2 with the factor (x 2 ) n 2 −1 . Thus we find
Analogous relations are true for the second parton. These sum rules have to be satisfied simultaneously with the momentum and valence quark sum rules for the single parton distribution
We want to construct initial conditions for DPDFs which fulfill the above sum rules since the PDFs on the r.h.s of Eqs. (1.3)-(1.4) are very well known from the global analysis fits. Thus, the PDFs constrain the DPDFs, significantly reducing the problem of uncertainty in the specification of initial conditions for DPDFs evolution. For this purpose, we consider the LO single PDF parametrization from the MSTW fits [7] , since the evolution equations (1.2) are given in leading logarithmic approximation.
Pure gluon case
The single gluon distribution is specified in the LO MSTW parameterization at the scale Q 0 = 1 GeV and is given in the form
The parametrization (2.1) can be written in a general form which is more suitable for our purpose
where L = 3. In the Mellin space, the gluon distribution (2.1) can be written as
.
where the expression on the r.h.s., Γ(x)Γ(y)/Γ(x+ y) ≡ B(x, y), is the Euler Beta function. Thus the MSTW parametrization for the initial condition is in the form of the sum over the Beta functions with different sets of parameters which govern the small x → 0 and large x → 1 behavior. For the double parton distribution D gg the ansatz we take is the sum over the Dirichlet-type distributions of order K = 3
are the parameters to be determined. with x 1 , x 2 > 0, x 1 + x 2 ≤ 1 and
The detail of the construction procedure can be found in [9] . Here we give the final result, i.e. the parameter-free double gluon distribution at the initial scale Q 0 = 1 GeV,
The evolution equations (1.2) reduced to the pure gluon case have the following form where P R gg is the gluon-to-two gluon splitting function for real emission in the LO approximation. Strictly speaking, such an equation can be a reasonable approximation for small values of the momentum fractions, where the gluons are known to dominate. We solve numerically the above equation with the initial condition (2.5). We compare our results with those obtained from the usually assumed form of the initial conditions [6] , which satisfy the momentum sum rule only approximately,
The results are shown in Fig. 1 and Fig. 2 . We plot there the double gluon distribution
as a function of x 1 for two values of the scale, initial Q 2 0 = 1 GeV 2 and Q 2 = 10 GeV 2 (upper panels), for two fixed values of x 2 , respectively big (10 −2 ) and large (0.5). The solid lines show the results obtained from our input (2.5) while the dashed lines correspond to the input (2.7) with the gluon distribution (2.1). In the lower panels we plot the ratio,
which characterizes factorizability of the double gluon distribution into a product of two single gluon distributions.
For both values of x 2 , the initial double gluon distributions differ significantly for small values of x 1 , up to 10 −1 for x 2 = 10 −2 and up to 10 −3 for x 2 = 0.5. However, the QCD evolution equation erases this difference already at the scale Q 2 = 10 GeV 2 , see the upper panels in both figures.
As we have observed, the initial distribution (2.5) is not factorizable into a product of two single gluon distributions for any values of x 1 and x 2 . However, if both momentum fractions are small (< 0.01,) D gg becomes factorizable with good accuracy after evolution to the shown value of Q 2 , see the lower panels in both figures. A small breaking of the factorization can be attributed to the non-homogeneous term in the evolution equation (2.6). If one of the two momentum fractions is large, like the shown x 2 = 0.5, this is no longer the case and the factorization is significantly broken for all values of x 1 independent of the values of the evolution scale. We check that for larger values of Q 2 that than shown here. We have to remember, however, that the large x domain has to be supplemented by quarks before any possibly phenomenologically relevant claims can be made.
Summary
We showed how to obtain a parameter free double gluon distribution D gg from the known single gluon distribution D g , given by the MSTW parameterization, in the pure gluon case, using minimal hypotheses. The next step would be to extend this formalism to include the quarks and satisfy the momentum and valence quark sum rules simultaneously.
